Introduction.
Let w be a function with integrable pth power and g a smooth function on an interval Q in R". Denote by w the periodic extension of w to R".
Set ox = (<Tiii,..., crnxn) for x € Rn and o = (cri,..., on), an n-tuple of integers.
Note that if tri,..., <r" are large then x i-> w(ax) is a rapidly oscillating function.
Our purpose is to obtain an expansion of the integral r(w;g) -/ w(ax)g(x) dx JQ in terms of negative powers of o\,... ,on. We recall the standard result, cf. [3] , characterizing the asymptotic behavior of Irr{w; g) as lim / w(cTx)g(x) dx = I -rrr. / w(x) dx) I g(x) dx *i-+ooJQ \\Q\ JQ ) \JQ
<T"-» + 00
The right-hand side of this equality is exactly the zero-order term in our expansion. We find explicitly the higher-order terms which involve the integrals of the derivatives of g and the coefficients dependent on the moments of w. This is why we say that our expansion is of Euler-Maclaurin type. We also derive estimates of the magnitude of the remainder in the expansion and give sufficient conditions for convergence of the infinite expansion. Finally, we note that the expansion formulas for the multiple integral I,, (w; g) are essentially based on the study of the boundary value problem divZ = /,
where / e LP(Q) is given and Z = [Zi,...,Zn] is an unknown vector field whose fcth component has zero trace on the fcth face of Q. We solve explicitly this problem, which seems to be of independent interest.
Preliminaries
and Euler-Maclaurin Type Expansions of Integrals. For ease of reference we begin by listing some standard function spaces used in this article. Let fi be a nonempty, open subset of Rn. We denote by LP(Q), 1 < p < oo, the usual space of real-valued functions / satisfying ||/||p = (/n |/(z)|pci:r)1/p < oo if 1 < p < oo, and if p = oo, then L°°(Q) denotes the space of essentially bounded functions with norm ||/||co-The Sobolev space Wm'p(Q), 0 < m and 1 < p < oo, consists of functions / satisfying 11/IU.p = (/n Eh|=o \DV(x)\pdxy/p < oo for 1 < p < oo and ||/||mi00 = maxo<h|<m ll^/llco < oo, where D"1 = D]1 ■ ■ ■ D%n for 7 = (71,... ,7") and Dk denotes the partial derivative with respect to xk. As usual, W0m'p(0) denotes the closure of Cg°(íl) in Wm*(Q). 
for every / G LP(Q). We note that T = Id -P, where Id is the identity operator, Z = -ST and PT = 0. If w 6 L»(Q) then {Zw)(0) = (Zw)(\) = 0 and (Zw)' = Pw -w, so that indeed Zw € Wq'p(Q). Hence, for any g € Wl,q(Q), where q satisfies 1/p + l/q = 1, integration by parts yields
The above expansion formula can be used recursively in computing the righthand side integral in (1.5). To do this, set Z° = Id, Zl = Z and Zj = ZZ^~X for j > 1 and aj(w) = f0 (Z3w)(x) dx, then
for any g e WN+1'«{Q).
Expansion (1.6) of the integral /0 w(x)g(x) is referred to as an Euler-Maclaurin type expansion. In [2] the coefficients aj(w) were expressed in terms of moments of w, an estimate of ||Zw+i||co was obtained and the relation between (1.6) and Euler-Maclaurin quadratures, cf. [4] , was investigated. However, a more detailed analysis of the norms of the operators T and Z is necessary before expansions of multidimensional integrals can be studied. (1-10) \\Tf\\l = \\f\\22 -\ f(t)dt <\\f\\2, To prove (1.8) when p -1 and p -oo, we write
We note that/o \K (x,t)\ dt = 2x(l-x) < \ and also fQl \K(x,t)\dx = t2-t+\ < \. Now if / e L°°(Q) we obtain that |(S/)(*)l<ll/IUjf \K(x,t)\dt<\\ or equivalently that (1.14) \\ZfWoo < |||/||oo- Similarly, if 1< p < 2, then for /? = 2 -2/p,
Remark. For p £ {l,2,oo} we do not know the norms ||T||P and ||Z||P. We believe, though, that the method used in [7] for a related problem could be applied. Averages. Let M = {1,2,...,n}; we then denote by / = {*i,..., ik}, k < n, a subset of M containing k elements, for which we write |/| = k.
We use lower-case Greek letters for multi-indices, e.g., 7 = (71,..., 7n), where 7, are nonnegative integers and I7I = 71 +• • +7n-The standard notation is used: 7 < a when 7j < a¿ for each 1 < i < n; 7! = 71!.. .7«! denotes the multidimensional factorial and (°) = (Ql)... (a") denotes the multidimensional binomial coefficient. As usual, ek is the standard "basis" multi-index ek = (0,..., 1,..., 0).
Let Q be an interval in Rn, n > 1, i.e., Q = {x = (xi,. ..,x"):a, < x, < 6¿, i € M}, where a¿,6j are finite, a, < bt for i G M, and let Q denote the closure of Q.
We will write x"1 = ij" • • ■ x^n and ox = (o\Xi,... ,onxn) for any multi-indices 7 and o. The sets Qk = {x € Q : xk = bk} and Qk = {x E Q : xk = ak} for 1 < k < n are called faces of Q, and these sets constitute the boundary dQ = (Jfc=i (Qk ^Qk ) ofQ.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use ||Id-P/||p<2|1-2/p| <2, for all 1 < p < oo.
Next we introduce the operators Tk, which play a key role further on. For 1 < k < n, we set In what follows, for / = fQ w(x) dx -w we construct explicitly a solution Z = [Z\,..., Zn] of (3.2) such that Zk, 1 < k < n, has partial derivative DkZk in LP(Q) and zero trace on Qk U Qk. For such a solution Z, the equations (3.1) and (3.2) will be equivalent.
We define first the partial antiderivative operators Sk, rxk (3.3) (Skf)(x)= f(xi,...,xk-ut,xk+1,...,xn)dt, Jak for x = (xr,..., xn) G Q, 1 < k < n. Directly from the definition, we have and (2.15), Zk(w) vanishes in QkliQk, so integrating by parts for any g G W1,q(Q), we get
JQ JQk=i
Hence we obtained the first-order terms in the expansion of Euler-Maclaurin type:
LEMMA 3. Ifwe Lp{Q) and if g G W1'q(Q), 1 < p,q < oo, 1/p + 1/q = 1,
Jq Jq Jq k=^JQ
We can now analyze the recursive use of the formula (3.9). Proof. We prove (3.10) by induction with respect to TV. When TV = 0 then (3.10) reduces to (3.9). Suppose that (3.10) holds for TV -1, that is,
We now apply Lemma 3:
Jq Jq Jq n .
+ J2 / (ZkZ^w)(x)DkDig{x)dx. It is also possible to obtain the estimate of the norm of the operator Z7 which generalizes the one-dimensional estimate (1.16).
PROPOSITION 2. If 1 <p< 00 then (3.14) for any multi-index 7. z^»^Mf.{b-a)i Expansions of integrals /0 w(mx)g(x) dx with more general rapidly oscillating factors w(mx) of period m-1 were derived and studied in [2]. Our purpose is to derive similar asymptotic expansions for multiple integrals of rapidly oscillating functions on an interval in Rn. Let Q = {x = (xj,...,xn) : a¿ < x¿ < 6¿, i G M} be an interval and h: Q -► R. By h we mean the periodic extension of h, which is defined almost everywhere on R", that is h(x) -h(x) for x G Q and h(x) -h(x+(bk-ak)ek) for 1 < k < n and almost every x G Rn. For our purposes, there is no need to define h on the whole R". This is because h is used under an integral sign.
We will consider an integral Ia(w; g) = fQ w(crx)g(x) dx, where w G LP(Q), ox = (f/iXi,..., <7"xn) and a -(ci,...,rrn)
is a multi-index with big components. Such integrals occur as energy integrals in mechanics of composite media, cf. [3] .
It is to be noted that (4.4) remains true also when o\,..., on are arbitrary positive numbers not necessarily integers. If TV = 0, (4.4) gives that (4.5) ct^-Soo / w{ox)g(x)dx= I + w(x)dx\ I / g(x)dx\, which for n = 1 is known as Féjer's formula. It is also possible to give a set of sufficient conditions for the convergence of the expansion in Theorem 1.
